Abstract. The solvable graph of a finite group G, which is denoted by Γs(G), is a simple graph whose vertex set is comprised of the prime divisors of |G| and two distinct primes p and q are joined by an edge if and only if there exists a solvable subgroup of G such that its order is divisible by pq.
Introduction
All groups appearing here are supposed to be finite. For a natural number n, we denote by π(n) the set of prime divisors of n and set π(G) = π(|G|). The set of orders of all elements in a finite group G is denoted by ω(G) and called the spectrum of G. This set is closed and partially ordered by the divisibility relation; therefore, it is determined uniquely from the subset µ(G) of all maximal elements of ω(G) with respect to divisibility. Recently, many new ways is discovered to characterize a finite simple group. For more details, there are a lot of ways to associate a quantitative property to the finite group G. One of the most important is to consider some properties of the graphs associated with it. In fact, one of these graphs is the solvable graph of G which is introduced by Abe and Iiyori in [2] . This B. AKBARI graph is denoted by Γ s (G) and is a simple and undirected graph constructed as follows. The vertex set is π(G) and two distinct prime p and q are adjacent (we write p ≈ q) if and only if G has a solvable subgroup whose order is divisible by pq. If this condition is replaced by "G has a cyclic subgroup of order pq", then we call this graph the prime graph of G denoted by GK(G). In fact, the prime graph of G is a graph whose vertex set is π(G) and two vertices p and q are joined by an edge if and if pq ∈ ω(G). Therefore, the solvable graph associated with a group is a generalization of its prime graph.
The degree d s (p) (resp. d(p)) of a vertex p ∈ π(G) is the number of adjacent vertices to p in Γ s (G) (resp. GK(G)). Clearly, d(p) d s (p) for every vertex p ∈ π(G).
In the case when π(G) = {p 1 , p 2 , . . . , p k } with p 1 < p 2 < · · · < p k , we define
which is called the degree pattern of the solvable graph of G. For every non-negative integer m ∈ {0, 1, 2, . . . , k − 1}, we put
It is obvious that
∆ m (G).
When ∆ k−1 (G) = ∅, the prime p with d s (p) = k − 1 is called a complete prime.
One of the purpose of this paper is to consider the solvable graphs of some groups. For more details, we examine the solvable graphs of some subgroups of a group named local subgroups which introduced in section 3 completely. We also investigate the solvable graph of a certain extension of groups.
(a) p = 2, |π(q + 1)| = 1 or |π(q − 1)| = 1,
(c) q ≡ −1 (mod 4).
(3) A finite group H such that H / ∈ {B n (q), C n (q)} (n 3 and q is odd),
We will show that the projective special linear groups L 3 (q) with certain properties, are OD s -characterizable. In fact, we prove the following Corollary.
Corollary A. The simple groups L 3 (q) with one of the following conditions are OD s -characterizable:
(1) q is odd and 9 q − 1;
(2) q is even and 3 q − 1;
(3) 9 | q − 1 and |π(
(4) q is even, 3 | q + 1 and |π(q 2 + q + 1)| = 1.
Notation and Terminology. Let Γ be a graph and V be the vertex set of Γ.
The complementary graph Γ c of Γ is a graph whose vertex set is V and two vertices of Γ c are joined if and only if they are not joined in Γ. Let U be a subset of the vertex set V . The graph Γ − U is defined to be a graph whose vertex set is V − U and two vertices are joined if they are joined in Γ. A spanning subgraph of Γ is a subgraph of Γ whose vertex set is V . A graph in which every pair of distinct vertices are adjacent is called a complete graph. A graph is bipartite if its vertex set can be partitioned into two subsets X and Y so that every edge has one end in X and one end in Y . Moreover, if every two vertices from X and Y are adjacent, then it is called a complete bipartite graph and denoted by K |X|,|Y | . A star graph is a complete bipartite graph of the form K 1,n which consists of one central vertex having edges to other vertices in it.
Preliminary results
In this section, we first state some obtained results on solvable graph of finite groups, and then we find the solvable graphs of the projective special linear groups L 3 (q). Finally, we consider the solvable graph of the automorphism groups of some simple groups. 
We continue this argument with the following lemma which considers the solvable graphs of subgroups and quotient groups of a finite group. (1) If p and q are joined in Γ s (H) for p, q ∈ π(H), then p and q are joined in
(2) If p and q are joined in Γ s (G/N ) for p, q ∈ π(G/N ), then p and q are joined Using the notation taken from [1] and [2] , such a series as in Lemma 2.6 is called a GKS-series of G and we will say p and q are expressed to be disjoint by this GKS-series. 
Then for two primes
equals n, then at most n GKS-series of G is necessary to express any pair of vertices of Γ s (G) to be disjoined.
As a direct result of Lemma 2.7, we can point out the following Lemma (see [3] ).
Lemma 2.8. [3, Lemma 6] Let G be a finite group with |π(G)| = k 4 and
If one of the following conditions holds, then any disjoined pair of vertices of Γ s (G) can be expressed by only one GKS-series.
(1) ∆ k−1 (G) = ∅ and ∆ 1 (G) = ∅;
The following lemma is due to K. Zsigmondy (see [11] ).
Lemma 2.9. [Zsigmondy Theorem] Let q and f be integers greater than 1. There exists a prime divisor r of q f −1 such that r does not divide q e −1 for all 0 < e < f , except in the following cases:
(a) f = 6 and q = 2;
(b) f = 2 and q = 2 l − 1 for some natural number l.
Such a prime r is called a primitive prime divisor of q f − 1.
We define a function η on N which will be used in the proof of Theorem 4.1, as follows: To construct the solvable graph of this group, we need to state the following facts:
• The prime graph of a group is the subgraph of its solvable graph. Therefore, it is good to note that the set of maximal elements in the spectrum of L 3 (q)
is as follows:
where q = p n is odd and d = (3, q − 1), and
where d = (3, 2 n − 1), except n ∈ {1, 2}.
• Considering Lemma 2.4 the solvable graph of
,
, is a subgraph of SL 3 (q). We also found from
On the other hand, if 3 ≈ p in Γ s (SL 3 (q)), then there exists a solvable subgroup H of SL 3 (q) such that 3p divides |H|. Obviously,
or Z H and 9 | |H|, then 3p divides | HZ Z | and so 3 ≈ p in Γ s (L 3 (q)). In general, let G be a finite group possessing a normal cyclic subgroup x where o(x) = p for some prime p ∈ π(G). Then we can conclude from Lemma 2.5 that for every prime q, r ∈ π(G) \ {p}, q ≈ r in Γ s (G/ x ) if and only if q ≈ r in Γ s (G). It follows that
• The maximal subgroups of SL 3 (q) which is collected in [4] (Table 8. 3) are listed as follows.
Subgroup
Conditions Subgroup Conditions
According to the notation of [4] • The subgroups of L 3 (q) when q is odd and the maximal subgroups of L 3 (q)
when q is even, are as follows (see [7] ):
there is a nontrivial cube root of unitary (2) If q is even:
Using the information above, the compact form of Γ s (L 3 (q)) is found in Figures   1 − 7 . Note that in Figures 1 − 3 , q = p k where p = 2, 3.
Lemma 2.10. Let G be a simple group with |Aut(G) : G| = 2. Then we have:
In particular, if r ∈ π(G)
Proof. We first claim that every subgroup of Aut(G) of odd order is a subgroup of G. Suppose that H is a subgroup of Aut(G) of odd order. Since |H : H ∩ G| = |HG : G| which divides 2, we have HG = G. Hence H G.
Note that π(Aut(G)) = π(G).
In what follows, we will show that, if p and q are two odd primes such that
that pq | |L|. We consider {p, q}-Hall subgroup H of L. Now from the previous paragraph of the proof, H is a subgroup of G and so p ≈ q in Γ s (G).
Remark 2.11. It is easy to see that in general, if G is a finite group and G.2
We can see from [6] that:
• the maximal subgroups of G are as follows: It is seen that Γ s (G.2) = Γ s (G) is as follow:
It implies that
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Local subgroups and their solvable graphs
A local subgroup of a group G is a subgroup H of G if there is a nontrivial solvable subgroup K of G such that H = N G (K). A subgroup of a finite group is p-local if it is the normalizer of some nontrivial p-subgroup. It is good to note that we denote by Syl p (G) the set of all Sylow p-subgroups of G.
Let P ∈ Syl p (G) for a prime p ∈ π(G) and N G (P ) be a p-local subgroup. If
x ∈ N G (P ) is an element, then x P is a solvable subgroup of G. Therefore,
Moreover, the spanning subgraph of the solvable graph of
is a star graph with central vertex p.
In general, it is easy to see that if N G (H) is a local subgroup of G for some
Let G be a finite group which is not a non-abelian simple group. Then G has a normal nontrivial subgroup
then we obtain from Frattini's argument that G = N G (P 1 )K 1 . Again, if K 1 is not a simple group, then by a similar way we have K 1 = N K1 (P 2 )K 2 where K 2 is a nontrivial normal subgroup of K 1 and P 2 ∈ Syl p2 (K 2 ). By continuing this way, we
where K n K n−1 · · · K 1 G and K n is a simple group. Furthermore, it is easily seen that for every two subgroups H and K of G such that H K,
. Therefore, we can study the p-local subgroups of G and their influence on the structure of the solvable graph of G.
We can ask this question that if G is a non-solvable group which is not a nonabelian simple group and all of whose local subgroups are solvable, is the solvable graph of G complete? Actually, the answer is no. To explain it, we should mention that the structures of these groups are completely classified.
An N -group is a group that all of whose local subgroups are solvable groups.
It is clear that every solvable group is an N -group. The simple N -groups were classified by John Thompson in series of papers. In fact, the simple N -groups are as follows:
Now, we consider the group G = Aut(U 3 (3)). In fact, G = U 3 (3).2 and so by the structures of the maximal subgroups of G in [6] , we can see that the solvable graph of G is as follows: 2 ≈ 3 ≈ 7. Hence, Γ s (G) is not complete.
OD s -characterization of some projective special linear groups
As mentioned before, it was shown in [3] that all sporadic groups and the projective special linear groups L 2 (q) with certain properties are OD s -characterizable.
Moreover, the following Lemma was proved.
Lemma 4.1. Suppose that H is a finite group and |π(H)| = k 3. If ∆ k−1 (H) = ∅ and H / ∈ {B n (q), C n (q) : n 3 and q is odd}, then H is OD s -characterizable.
In this section, we are going to examine OD s -characterizability of projective special linear groups L 3 (q). Considering the Figures 1 − 7 , we can find from Lemma 4.1 that if either q is odd and 9 q − 1, or q is even and 3 q − 1, these groups are OD s -characterizable. So we only examine other cases whose solvable graphs are shown in Figures 1, 4 and 6.
In [1] , the author introduced a new terminology. Let m be a positive integer with the following factorization into distinct prime power factors m = p In [3] , mpf(|S|) for sporadic simple groups and all simple groups of Lie type S were completely listed. For convenience, we tabulate |S| and mpf(|S|) for sporadic simple groups and all simple groups of Lie type S in Tables 1 and 2 . Table 1 . The order and mpf of a sporadic simple group. Table 2 . The order and mpf of a simple group of Lie type. q) ), where q = p f is odd. In addition, assume 9 | q − 1 and |π(
Proof. The solvable graph of L 3 (q) with given conditions are shown in Figures   1 − 7 .
By the hypothesis
) which implies from Figure 1 that
).
Since |π( Therefore, we assume that N/M is isomorphic to the non-abelian simple group S L 3 (q) and we will try to get a contradiction. To this aim, we use the following facts. Therefore, we need to compute the value mpf(3 −m−n−1 q 3 (q 2 − 1)(q 3 − 1)).
It is easily seen that
because q > 3. So we can conclude that
Hence, mpf(|S|) = q 3 .
(1) S is not isomorphic to an alternating group A l , l 5.
Suppose that S is isomorphic to an alternating group A l , l 5 It is good to mention that π(q 2 + q + 1) = {3, p } and 3 q 2 + q + 1.
Then according to the order of A l , we deduce that q 2 + q + 1 = 3p . On the other hand, we have
(2) S is not isomorphic to one of the 26 sporadic simple groups.
Suppose that S is isomorphic to one of the 26 sporadic simple groups. As mentioned above, mpf(|S|) = mpf(|N/M |). It implies that mpf(|S|) = q 3 .
Hence, we obtain from Table 1 that S is one of the following groups:
On the other hand, p = 2 which forces that S ∼ = Ly. So we can conclude that q = 25. It follows that q 2 + q + 1 = 651 which is a contradiction.
(3) S is not isomorphic to a simple group of Lie type, except L 3 (q).
We only examine the cases when S is isomorphic to the groups L n+1 (q 0 ),
. We omit other cases because they are similar.
• Let S be isomorphic to L n+1 (q 0 ) for some integer n = 2 and a power q 0 of a prime p 0 . If n 4, then considering the spectrum of L n+1 (q 0 ) in [5] , we can find that d s (p ) 2 in the solvable graph of S that is impossible.
Assume now that n = 3. By Table 2 , it is seen that mpf(|L 4 (q 0 )|) = q It follows that (4, q 0 − 1) −1 (q 0 − 1) = 3 −m−n−1 (q which is a contradiction. Therefore, we may suppose that n = 1. It is seen from Table 2 that mpf(|L 2 (q 0 )|) = q 0 or q 0 + 1. If mpf(|L 2 (q 0 )|) = q 0 + 1, then by an easy computation it is found that 2(q 2 − 1) = 3 m+n+1 (q 3 − 2), a contradiction. In the case when mpf(|L 2 (q 0 )|) = q 0 by a similar way, we can get a contradiction.
• Assume that S is isomorphic to C n (q 0 ). Then we observe that (1) 9 | 2 f − 1 and |π( (1) q is odd and 9 q − 1;
(2) q is even and 3 q − 1; (3) 9 | q − 1 and |π( 
